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Abstract 

In the interesting conjecture, Zbh = |ZtopP, proposed by Ooguri, Strominger and 
Vafa (OSV), the black hole ensemble is a mixed ensemble and the resulting degen- 
eracy of states, as obtained from the ensemble inverse-Laplace integration, suffers 
from prefactors which do not respect the electric-magnetic duality. One idea to 
overcome this deficiency, as claimed recently, is imposing nontrivial measures for 
the ensemble sum. 

We address this problem and upon a redefinition of the OSV ensemble whose vari- 
ables are as numerous as the electric potentials, show that for restoring the symme- 
try no non-Euclidean measure is needful. In detail, we rewrite the OSV free energy 
as a function of new variables which are combinations of the electric-potentials and 
the black hole charges. Subsequently the Legendre transformation which bridges 
between the entropy and the black hole free energy in terms of these variables, 
points to a generalized ensemble. In this context, we will consider all the cases 
of relevance: small and large black holes, with or without i^e-brane charge. For 
the case of vanishing Dg-brane charge, the new ensemble is pure canonical and the 
electric-magnetic duality is restored exactly, leading to proper results for the black 
hole degeneracy of states. For more general cases, the construction still works well 
as far as the violation of the duality by the corresponding OSV result is restricted 
to a prefactor. In a concrete example we shall show that for black holes with non- 
vanishing L>6-brane charge, there are cases where the duality violation goes beyond 
this restriction, thus imposing non-trivial measures is incapable of restoring the 
duality. This observation signals for a deeper modification in the OSV proposal. 
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1 Introduction 



The theory of topological strings is a beautiful, smart and powerful mathematics to probe 
various aspects of the superstring theories. From the time of its invention [1][2][3], it has 
been an active field of new discoveries. The reader may refer to [4] as an excellent text- 
book on the topological strings, or consult [5] [6] [7] as quick introductions to the subject 
and [5] for a nice view to the recent developments. 

On the other hand, one of the most striking outcomes of the string theory has been the 
microscopic derivation of the black hole entropy [8]. Recently Ooguri, Strominger and 
Vafa (OSV) in [9] have proposed a deep and promising connection between the topologi- 
cal free energy and the microstate ensemble of the 4-dimensional BPS Black Holes in the 
CY3 compactifications of type-II strings. This conjecture roots from earher works on the 
black hole entropy [10] [11] [12] which made a consistent generalization of the Bekenstein- 
Hawking formula, incorporating the F-terms corrections to the supergravity action as 
encoded in the prcpotential. The evidence for the fact that a generalization to the stan- 
dard area-law formula for the black hole entropy is needful in the context of string-M 
theory had been provided in [13]. A detailed review on the results about the black hole 
entropy from the string theory is [14]. 

In [9], OSV observe that the Bckcnstein-Hawking-Wald entropy of the black holes, as 
derived in [11] [12], can be re-expressed as the Legendre transformation of a real function 
J-', called the OSV free energy, with respect to the half of its variables, 

S(P^, qA) = ^(P^, 0^) + qA0^ ; ^(P^, 0^) = -TT $>F(CX^, C^W^ = 2«) (1.1) 

with 

CX^ = p^ +i(/)^ (1.2) 

as obtained from the magnetic part of the attractor equations, and F(X^) = F(X*',X^) 
being the full holomorphic prepotential. Independently, a very close relation is established 

between the asymptotic expansion of the prcpotential and the free energy of topological 
strings [15] [16]. In all the OSV conjecture states that, given a BPS black hole of electric- 
magnetic charge-multiplet {p^,qA), arising in Af= 2 compactification of IIA{B) string 
theory on CY3 — M., the topological A — 74(5 — 5) models on M. define a mixed ensemble 
as, 

Z^i. ^ e^^'^'^'^') = E ^7(p^ qA) (1.3) 

QA 

where the black hole free energy is given by 

Fbh = ^(P^, 0^) = Ftop + Ftop (1.4) 

with f2(p^, cia) proposed as (index) degeneracy of the black hole states and (p^ being the 
electric potential corresponding to qA.* This proposal has been successfully tested in [18] 

*For a non-perturbative completion of the original conjecture see [17], also there are suggestions 
concerning the holomorphic anomaly [18] [19] [20]. 
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and [21] from different points of view and further developed in [17]. Remarkably using 
the OSV conjecture [21] was able for the first time to derive from the macroscopic side, 
the exact coefficient of the leading term in the asymptotic expansion of the degeneracy 
of states for the small black hole of type-IIA on x T^, dual to Heterotic on T^, where 
both the prepotential and the microscopic-degeneracy counting are known exactly. For a 
review lecture on [9] [18] and [17], see [22]. 

There are however examples in [23] [24] where a naive application of this conjecture sounds 
problematic. For example [23] mainly focuses on jV = 4 models where in some cases the 
string coupling is strong. Before concentrating on the concern of this paper, it is worth 
to point out that before any try to apply or to refine the proposal one may note that the 
OSV conjecture in form of [9] [17] is a statement about the full free energy of the topo- 
logical string theory, including all the perturbative quantum corrections as well as the 
non-perturbative contributions. Therefore regarding the fact that the non-perturbative 
completion of the topological free energy is not known so far, what the OSV conjecture 
provides is so a non-perturbative definition of the topological strings, parallel to the pro- 
gram of topological M-theory as proposed in [25] and [26]. 

A distinguished ambiguity in (1.3) originates from the electric-magnetic duality consider- 
ations, that is the requirement of the invariance ofQ.{p^, qi) under the (relevant subgroup) 
of the symplectic transformations. Actually as concrete examples show [23] [27] [24] , given 
the relevant terms of the topological free energy, the inverse Laplace transformation cor- 
responding to (1.3)''', 



does lead to the results which are duality violating due to some unwanted prefactors, for 
a highlighted example of which see the next section . As we will argue later, this property 
is not restricted to a specific subset of prepotentials but it is a general fact about (1.5). 
Modifying this deficiency has been a matter of some investigations. For example, as a 
try within an independent and, by construction, duality invariant formulation see [28], 
where the proposed modification works for the dyonic black holes relatively well but it 
is not applicable to the case of |BPS states for which the proposed measure vanishes. 
Alternatively [29] [30] [31] propose a black hole ensemble which sums over a single duality- 
invariant charge, so by construction respects the expected symmetries. The application of 
this approach, where the non-holomorphic corrections to the free energy should necessarily 
be considered, is so far limited to |BPS black holes. So there is not yet any overlap 
between these two approaches. Another idea to improve the duality violations, being 
closer to the OSV proposal, is assuming that the OSV free energy intrinsically lives in a 
curved space, accordingly (1.5) is redefined via a non-Euclidean measure [24] [20], 



This measure which differs from case to case is responsible for removing the mentioned 
prefactors. Along this path, [24] calls for a "deeper understanding of the integration 

^The sign = means " equality " up to an arbitrary constant which is independent of the black hole 
charges. 




(1.5) 




(1.6) 
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measure implicit in (1.5)". 

In this paper we focus on this problem, that is the duality aspects of the OSV conjecture. 
We shall prove, at least asymptotically, the converse of the statement which leads to (1.6). 
That is, the curvature of the space where the OSV free energy is defined, asymptotically or 
exactly, is zero. To show this we shall follow a direct approach: explicit construction of a 
proper flat ensemble, based on the OSV free energy, which is canonic in as many variables 
as the original OSV ensemble. In different examples, also within general arguments, we 
observe that the ensemble leads to the proper results for the black hole degeneracy of 
states. In fact the construction works properly for all types of the known BPS black holes 
in CI3 compactifications of typc-llA(B) theories and to all orders in the saddle point 
asymptotic expansion of the inverse Laplace integral, as far as the duality violation is 
restricted to a prefactor. This is done via a simple change of variables which being linear 
in the electric-potentials, preserves the Legendre transformation from the free energy to 
the entropy. The new variables have the advantage that the corresponding ensemble is 
potentially protected against the duality violating prcfactors. For the cases with vanishing 
Dg-brane charge, where the prcpotential takes a simplified form and the construction is 
readable from the form of the prcpotential, the new ensemble is pure canonical and restores 
the electric-magnetic exactly. The idea still works quite well for the most general case, 
of course up to nonholomorphic corrections which are missed also in the original OSV 
proposal. For the most general case, considering the leading term of the saddle-point 
approximation, we obtain a general constraint on the Jacobian from the new variables to 
the old ones. This constraint-equation admits infinite number of solutions, in principle 
all the solutions are equally well, but practically we can pick up the simplest choices. In 
fact the exact choice of these variables is not needed. The job they do is just removing 
the duality-violating prefactor of the corresponding OSV result, which could be done by 
hand from the first. In this sense it is an existence problem. 

It is worth to ask about higher orders of the saddle-point approximation for the most 
general case. The question is whether the duality violation appears just as a prefactor in 
higher orders. Indeed, for the black holes with vanishing Dg-brane charge the answer is 
positive to all orders of the asymptotic expansion, however we will show that in case of 
non- vanishing Dg-brane charge, the violation can become more complicated than a simple 
prefactor. This implies that, in higher orders, a simple measure factor is not sufficient to 
restore the duality generally and deeper modifications/investigations are necessary. 
Finally as an alternative, motivated by manifest symplectic-invariant construction, we try 
a different ensemble which from the beginning treats both of the magnetic and electric 
charges at the same footing. This enlarged ensemble is related to the ensemble of section 
4 via an effective integration over the magnetic potentials and asymptotically reproduces 
the same results for the black hole degeneracy of states. 

The outline of the paper is as follows. In the next section, for the clearness of the main 
problem within a concrete example, we review one result from [23] [24]. In section 3, we 
redefine the OSV ensemble for the large and small black holes in the absence of Dg-brane, 
respectively, and show how it leads to proper results for the degeneracy of states. In 
section 4 we lift the idea for the most general case of BPS black holes in the context 
of CY3 compactifications of type-IIA(B) string theories. In section 5, we check out the 
procedure for higher orders in the saddle-point approximation and show that in some 
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special cases the duality violation can not be fixed by a single prefactor. In section 6 we 
introduce an effective which asymptotically reproduces the same results of section 4. We 
end the paper with a conclusion. 



2 Electric-magnetic duality in the OSV conjecture 

Let us start by addressing the duality invariance of the proposal of [9]. To do that, we 
repeat swiftly a result from [21], [23] and [24]-'-. The prcpotcntial of type // string theory 
on a CI3 is given by the free energy of the corresponding topological string theory as 
follows : 

TT. T? T? rppert. , rpGW i rpnon— pert, completion /'o 1 ^ 

i*n = -yi*top i*top = i*top +i*top+^top (^■J-j 

where 

ppert. _ ^ p^^2h ^ (2.2) 

h 

with Fh being the genus-/i amplitude of the topological theory and W"^ includes the 
graviphoton field strength. For the case of IIA on x T^, F^^i vanishes and the prepo- 
tential is given by, 

F(X-, W') = -IC^,^ - ^ log A fe"Sl (2.3) 

where Cab = Ciab with a, b = 2, . . . , b2, b2 = 23, and Cabc being the intersection numbers 
of the CY3. A stands for the Dedekind function. Taking p° = 0, the OSV free energy is 
given by, 

^(P^, 0^) = ^Cab(pV"0' + P"0V' + P'r^' - P'P'P') - log 

For the small black hole we set = 0, 

^(p.. = ic..^ - log( I A (e-'5ie-ti ) D . (2.6) 

Accordingly the inverse Laplace transformation, with the Euclidean measure, calculates 
the degeneracy of states as, 

n{p\q) = J [d0°d0M0^]e^+'i^'^'+'i°'^°+'ii'^' (2.6) 



A e^'^^e^'^^^ 



(2.4) 



•l-This example is in the context of Af= 4, but for Af= 2, where the OSV conjecture is originally 
formulated, this is the case as well. See for example the next section. 
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where in the second Une, we have taken the integration over 0"'s and used the change 
of variables x — — 0°/p^ and 9 — 0^/0° with dcly^dcj^ = {p^Yxdxdd. For the two-charge 
case, we set q'a = for A 7^ 0. Defining the T-duahty invariant charge N = —p^qo, the 
integrating over 0" gives, 



d^ 



2w2 



A e-^e2^'^ 



(2.8) 



In this form, beside the prcfactor (p^)^, everything is in a duahty invariant form. The 
presence of this p-dependent factor violates the duality invariance of the degeneracy of 
states. 

In the large N limit, |A(g)| ^ \q\, so that fl approaches, 

Q(p\ qo) = ii3(47rv^) (2.9) 
Vdet C 

where [23], 

i^(Q) = (M! I dt t-'-'e'^^. (2.10) 
Note that at the above limit, the genus and 1 terms of prepotential read as, 

F„(X'^) = -ic.,^i|iL (2.11) 

with the OSV free energy, being 

-jrP'^rt ^'='xAaj,bP /( /"o 1Q^ 

•^IIA/K3XT2 = </> ^ ~ 0^ ^^--^^^ 

We mention that any attempt to remove the prefactor of (2.9), and similar prefactors, 
should be done in a way to keep the correct results for the entropy and degeneracy of 
states. In the following sections we redefine the black hole ensemble to do this job. 

3 Redefinition of the OSV ensemble for a class of 
large and small black holes 

In this section we consider black holes with vanishing Dg-brane charge, where p° = and 
the prepotential takes a simphfied form. We start with the case of large black holes . The 
perturbative OSV free energy for a general CI3 compactification in the large volume is 
given by, 

7rC(p) ttCab^^ 
6 00 + 2 00 
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where 

Cab(p) = CabcP° , C(p) = CabcpVp° ; C(p) = C(p) + CsaP^ (3.2) 

and the indices A,B,... take the integers 1, /i. 

Let us change the variables of the free energy as follows, 

where = M\(p)0^.§ 

The free energy is now redefined as a new function, 

r.rM^-.±.^-t^. (3.4) 



Noting that 



and defining 



N=ic(p)q„ ; Nt = qE(U-y„ (3.6) 
the Legendre transformation reads as, 

s(N,N.) = ;t-.V.»a^-xV.'a^ (3.7) 

V \ 

Motivated by the above observation we introduce the correct black hole ensemble to use 
as 

2^g^(V°,^^)^^^^(N,NA)e-'^'^°^-'^'^^^^ . (3.9) 

N Na 

Note that the ensemble defined above, unlike the OSV ensemble, is pure canonical. Now 
the black hole degeneracy of states is proposed to be 

d(p,q) = 0(N,Na) . (3.10) 

Let us now consider (3.1) and calculate the corresponding degeneracy of states in the light 
of the definition (3.9), 

Q(N, Na) = / dV^° dV'^ /(V°,V^)+-nv-°+.NaV^ (311) 



§M^b(p) is a transformation matrix which first diagonalizes Cab(p), then rescales the variables 
appropriately. 
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The integral over the variables ip^^s is Gaussian and yields 



Q(N, Na) = N-^-i J d// /i^e'^-'^'t (3.12) 

where 

N = N-^NaNa (3.13) 

A simple algebra shows that 

N=^C(p)qo ; qo = qo-^C^VqB (3.14) 

where C^^ denotes the inverse of Cab- Thus the degeneracy of the large black hole states 
as calculated via the ensemble (3.9) is given by, 



d(p,q)=I|+i(S) ; S = 27r^^C(p)qo (3.15) 

This is indeed the correct result. In contrast, the result by the standard OSV ensemble 
receives a duality non-invariant prefactor of the form, | det Cab{p)\~^ i^^)'^'^^ [23] [24]. 

Now we come to the case of small black holes following the same idea: rewriting the 
OSV free energy and the macroscopic entropy in terms of new variables and new charges 
respectively leads to a new ensemble for the black holes which by construction is pure 
canonical. For the interesting case of ir3-fibrations with Heterotic duals, of which the 
most well-known example being j/J^2 = the OSV free energy is (2.5). Defining 

a = -- ; P = - (3.16) 

and 



We obtain 



where 



and 



N = -piqo ; N' = -p^qi . (3.17) 



Ho^,P,r) - -^^-21og|A(e^e-^)| (3.18) 



fi'p pf'p p)'p 
S(N,N',q-) = ^ /J- (3.19) 
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Subsequently we define 

N N' qa 

as the correct black hole ensemble. 

The corresponding degeneracy of states is so given by, 

I- g-5al^:^+7rNa+7rN'/3+7rqar 

Q(N, N', q,) = / da d/3 d0^ ^ (3.22) 

|A(e « e « 

Doing the Gaussian integration and changing the variables of the remaining integrals from 
(a, (3) to (a, ^ = — f ), we obtain 

dcva^^e'^"^ / d^^ (3.23) 



where 



N = N+lq,C^V = ^Qe (3-24) 

For the 2-charge case where N — N and N' — 0, taking the large- volume hmit , for which 
|A(x)| \x\, simplifies (3.24) as 



0(N) ^ Jda a^^ e™'^+^ = ii3(47rVN ) (3.25) 

which is the well known result for the degeneracy of states, as known from its duality with 
Heterotic string theory by direct counting of the DH fundamental stringy states [21]. 



4 Black holes with non-vanishing De-brane charge: 
Saddle-point evaluation 

In this section wc concern the most general case, p° 7^ 0, and as the central idea follow 
what we did before. We introduce a generalized OSV ensemble as, 

Z = e^^P^'^^) = Yl ^(P^' ^a) e""^^^ (4.1) 
qA 

:^(p^V'^) = ^(p^0^) (4.2) 

where the new variables which preserve the entropy-defining Legendre transformation, 

S(p'',qA)=:^ + 7rqAV'^ . (4.3) 
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are defined from tlie electric potentials via the linear relations 

= U^r(P^ 0* ) 0^ = V^r(P^ Qe) 0' (4.4) 

The fact that unlike the previous cases, here we let the matrix U to depend on (p^ as well 
as p^, roots in the observation that for the cases with non- vanishing Dg-brane charge, the 
OSV prefactors are functions of both the magnetic and electric charges [27] [24]. 
We now require that the corresponding inverse Laplace integration as defined via the 
Euclidean measure, 

f^(p^,qA) = fW] 6^+'^^-'^' (4.5) 

be duality invariant, exactly or at least at the saddle-point approximation. Subsequently 
the black hole degeneracy of states is recognized as, 

d(p^,qA) - Q(p^,qA) (4.6) 

where as implied by (4.4), 

OA = qr {y-'fA ■ (4.7) 



Prom (4.2) and (4.4), the relation between the ensemble (4.1) and (1.3) reads from H, 

ft ^ J [dcP^] J(^ ^ 0) e^+^'i'^'^^ = det[V] J [d(/)^] e^+'^i^*^ = det[V] Q . (4.8) 

Obviously a proper choice of the Jacobian matrix V can remove any unwanted prefactor 
as obtained by the evaluation of (1.5). We so consider the cases where the result by 
(1.5) is duality- violating only by a (single) prefactor besides the proper result**. Then 
for the duality invariance in the saddle-point asymptotic expansion of (4.8), a constraint- 
equation on f/^Y is formed as a necessary and sufficient condition. The exact form of this 
constraint may depends on the order of the saddle-point approximation. Here we write it 
for the first order. The saddle-point evaluation of (4.8) results at, 

Q* = det(V) fl* . (4.9) 

Thus at the first order, 

h* = det[V] det[H,]-^ e^ (4.10) 



Haf ^ T^™- (4.11) 



sign * over or below a quantity stands for the saddle-point value of that quantity. 
"Since the matrices U and V differ from each other just by a change of variable q , hereafter 

both of them arc denoted as V . 

**Whether this is a general property of the OSV results, is a question which we address in the next 
section. 
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Remembering that what wc want to do is just to get rid of the unwanted prefactor 
appearing in Q and to get a proper result, we define, 

det[H,] = S'^detfH'J (4.12) 

where m denotes a convenient power of the entropy which is factorized out from the 
Hessian, so that det[H'^] is the pure duahty violating prefactor. To remove this prefactor 
by the matrix V, we arrive at the constraint, 

det[V2] = detpt] . (4.13) 

The equation (4.13) admits infinite number of solutions, any solution of which is, in 
principle, as good as another ones. One choice is taking V = v 1 where , 

V = (det[H'J) 5hT2 . (4.14) 

As a different choice for V we can take a diagonal matrix with elements v\ such that, 

VA - 04 (4.15) 

where 

UK - det[H'J . (4.16) 

A 

Equivalently, we can solve the the constraint (4.13) by defining the new ensemble to be 

X° = det[V]X° ; X^ = X^ . (4.17) 

This solution might be of particular physical interest since X° controls the coupling of 
topological strings via the relation 

,= '4 ■ (4.18) 

In the conclusion we shall briefiy speculate on a possible physical interpretation of the 
ensemble (4.17). 

As a specific example in the sector p° 7^ , let us consider the case of a large black hole 
in type-IIA on a K3 fibered CY^, for which Cabc = C2A = ; a, 6 G 2, /i, as discussed 
in [24] [27]. The prepotential is 

^ = ^ [ ^J(t^) Cab (pV - 0^0") + 2 3?(t^) pX ] (4.19) 

with t"^ = being flat coordinates for the Kahler moduli. The Hessian-determinant of 
(4.19) at the attractor point is evaluated as, 

det[H,] = (CabpV-2p%i)^-^S-^-' = S-^-' det[H:] (4.20) 
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where 

B = V(CabPV - 2p0qi)[(pi)2CabPV + (p°)'C-bq,qb - 2p'^p^p-q,] ; C^Cnb = (4-21) 
Regarding (4.13), the new variables are defined via the constraint 

det[V] = B (CabpV - Sp^qi)"^ (4.22) 

from which, in case of interest, one can exactly specify a new set of variables. 

Finally we want to show how in a simple way the variables of (3.4) can be deduced from 

(4.15). The attractor point of the prepotential (3.1) is 

(0°)^ = ; <l>t = -C^^(P) QB 0° (4.23) 

D qo 



so that 



C(P) ^ ^„.rxT/i ^ ^„.rCAB(p) 

and then from (4.15) we obtain 



det[H,];- det[CAB(p)]^ det^] - det[ ] C-^(p) (4.24) 

(P* C(p) 



v° - J- ; v^ = . (4.25) 

C(p) C(p) 

with u!a{p) being the eigenvalues of Cab(p)- Thus for the ip variables we obtain 

.0 ^ 0° Cab(p)0^(/>^ _ a;A(p)0^0^ ^ V'^V'^ ... 
^ ~ C(p) ' 00 - 00 - ^^-'^^ 

where 0^ form a diagonal basis for Cab(p). The result (4.26) is in accordance with (3.3). 



5 Is a major modification needful? 

The electric-magnetic duality is restored by the ensemble (4.1), as long as the result by 
(1.5) admits the general form 

^(P,q) = N(p,q)f(S) . (5.1) 

Wc naturally ask if violation of the duality in the results of (1.5) is restricted only to a 
prefactor, N(p,q). Of course for vanishing Dg-brane charge, this is always true, at least 
for the large Cla- volume limit. In these cases the prepotential is quadratic with respect 
to 0^, so the exact evaluation of (1.5) results at the form (5.1) with f(S) being a modified 
Bessel function. Now we come to the cases for which pO ^ 0. The prepotential, at the 
genus zero and one terms, is of the general form 

^ = r^o^2^^^o^2 [ m - 3Eab(0)p^P^ - E,a0^ ] (5.2) 
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where 



E(z) = Eabc z^zV ; Eab(z) = Eabc 

^^^^ TT TT 

Eabc = —7: Cabc ; E2A = — — C2A ■ 

D D 

To address the mentioned question for the case of non- vanishing p°, we evaluate the OSV 
result for the black hole degeneracy of states in concrete examples, through incorporating 
all the terms which appear in the saddle-point asymptotic expansion of the integral (1.5), 

00 -1 

G = S + E - Hl^...^„ (5.3) 



n=2 



Hai...A„ - ^ ,Ai ^^A„ 



for the two extreme limits: p*^ — > 00 and p° — > 0. 



5.1 An example in the Large-p° limit 

The prepotential (5.2) is expanded over ^ as 

1 



^ - - { [ E(<^) - 3Eab(0)p^P^ - E2A0^ ] 

+ 1^ [ E(p) - 3Eab(p)0^0^ + E2AP^ ] + 0{^f } . 

We require that the contribution to (1.5) from the regions of integration far away from the 
attractor point is not major, and so ignoring terms of higher orders in the above expansion 
is satisfactory if 0{\^\) '^l. As we will see this would be the case for |^^| ^ 1 . 
For the limit under consideration, the prepotential is linear with respect to 0°, so (5.3) is 
easily evaluated as 

= S - ^ Eab(p)p^V 
+ ^ [ Eab(0*) - 1^ Eab(p) - ^ Eab(p) ] + ^ EABcr^^r^^^ 

= S + gAr/^ + ^ gABTl^rf + gABcV^rfn^ 
Accordingly (1.5) leads to 

^ gS y j l^fJ^Aj ggA??*+^ gAB'7^'7''+gABCT?Ar?B,jC 
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= / drj' J [dr^^] 6^-^'+^ sab.-.«[ i + gABcry^r?^^ + O(^) ] . 

Now as a specific example of the case under consideration, we consider a charge configu- 
ration for which 

which is in fine with the attractor equations for 

Qa = -fT E2A 
pO 

qo = ^ [ 2 E(p) - E,Ap^ ] 
with the entropy obtained as 

pO 

Given this ansatz, (1.5) is given by 

Q - e« / dn' [dr,^] exp{ 1 [ ^ (1 - ^) Eab(p) ] - [;| ^ Eab(p)p^ [ 1 + ;^ E(^) 
J z p p P P P 

where = differs from = by higher order corrections. A simple algebra leads to the result 

= e-^^K_,(3S) 
/det[EAB] " 



= 4^i2:= e-^^ / dt t-t [ (1 + ^ - ] ei(^+i)s 

./Hptrp,..i J t^ 2 2 t2 J 



V^det[EAB_ 

so in this example Q is of the form (5.1). 



5.2 The infinitesimal-p limit 

Here considering black holes with infinitesimal Dg-brane charge, |p°| -C 1, we evaluate the 
OSV degeneracy of states up to 0(|p°p). To do that, we do not restrict ourselves to any 
finite order of the saddle-point approximation and sum over all the terms of the series 
(5.3). However we still assume that the integral (1.5) is essentially localized around the 
saddle-point of the integrand, so that in the power expansion of the prepotential (5.2) over 
we can ignore the terms 0(^)^ as far as /t = ^ ^ 1. As the attractor-point equations 
will show us below, this assumption is consistent with the infinitesimal-p° limit. 
The prepotential (5.2), up to 0(^)^, reads as 

^ = { ^ [ E(0) - 3Eab(0)p^P^ - E2A0^ ] (5.4) 
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+ [ E(p) - 3Eab(p)0^0^ + E2AP^ ] } 

K L 
= P \ . 

^ (00)2 ^ 00 

Regarding that the prepotential is a polynomial of degree three with respect to ^'^'s, we 
can explicitly evaluate the sum (5.3). Using 

H;, = (-!)»[ (n + l)!p»^+n!^l 



H 



AB,«, = (-ir[(n + l)!p°J|^+ n!^ 



where 



Habch - (-1) L (n + 1)! P ^^oj^ + n! 



and the index (n) denotes the number of derivatives with respect to (p^. Accordingly G{r]) 
is evaluated as 

z Q n. u Q II. 

where 

°° 1 °° (m — 1) 7 -\- m 

R(z) ^ El-ir-"^ = TT7 ' ^ E(-ir(n + m)z" = ^"^./J', . 

J- -|- Z Q l-L "T 

Defining 
together with 

gABC = /^TT- ^ J^^ABC 

(1 +x)^ 

gAB = ^^^^^2 [ 1^ Eab(0*) - (1 +X) Eab(p) ] 
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= -jA^ i 2) { EAB(0*)0f - Eab(p)p'' } - 2 (1 + x) Eab(p)0* - « ^ 

-3 {(1 + x) Eab(p)0^0^ + k{3 + 2 x)Eab(0*)pV } 

+ 

+ { (1 + X) E2AP^ -k(3 + 2 x) E2A</'^ } ] 

we obtain 

G(r/) = S + g + gA + - gAB X^X^ + gABC x^x^x° . 

Subsequently, (1.5) is given by 

Q = (0°)'^+' jd^e^j [dx^] eSA-^+^ gABxAxB+g^BCX^xBxC 

= (0°)''^' j^^^^ j [dx^] e^^^^+^SABX^xB^ gABcx^x^x^ + 0(«;') ] 
= e« (0°)^+^ / dx , ^ e^ (1 + gABC . 5;:) ) ^"^ 

J Vdet[gAB] agc^gB^gA 



where 



= (0°)'^^^ / dx ^ e^^ (1 + T2 + T3) 



Y^det[gABj 

Tl = g - ^ gA g^"" gB 
^AB „CV 



T2 = 3 gABC g"" g"^ gV 

T3 = - gABC g^^ g^^ g^^ gM gN gV 

and tlie sign '=' meaning '=' up to 0{k'^). Now to proceed further and check whether the 
above result is of the form (5.1), we need to know some concrete information about how 
g^^ and S depend on Eabc, E2A and the black hole charges. In that respect, a helpful 
choice for us is to set 

0^ = P^ 

according to which, the attr actor equations is equivalent with 

6 P° ^ 

= [ 2 (1 + 2k) E(p) - (1 - 2k) E2aP^ ] 

and the entropy reads as 

S = ^ [ (1 - 3/^) E(p) + (1 - /^) E2AP^ ] . (5.5) 
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Now {g, gA, gAB, Ti, T2, T3} is given by 

:i+x)2 



AB = -6 (p^ -7— rTT- Eab 



x2 1 

g = 7T1-^1^ [ -2 E(p) {1 + X + 3«; + 2«;x} + EsaP^ {1 + x - 3/« - 2«;x} 

(1 +X)^ 0U 

x2 , , ^ 3 + 4x , , _ A . 1 



T2 = K 
T3 = fi; 



X h 

iT^ 2 

x3 E(p) 



(1+X)2 

Thus the final expression for Q, is obtained as 



^^^H4>1)-^' , ' ^ /dx(l+x)le-Ml+ /^^TT^ + T^ + T 
^det[EAB] 2(1 + x) 



^e^(0°)^^^ . ' , /dx(l+x)te^Ml+M| + 7T^^}] (5.7) 
Y^detiEAB] 2 (1 + x)^ 00 

Now from (5.5) and (5.6) it is obvious that (5.7) does not admit the form (5.1). Indeed 
if it was the case, it would be so for any h, implying that 

J dx (1 +x)5 e'^i 

be itself of the form (5.1), which is not the case! 

As we learn from the above examples, for black holes with non- vanishing p° there is no 

guarantee that the result of (1.5) be of the form (5.1), if one incorporates the subleading 
terms of the saddle-point asymptotic expansion. As a consequence, even a generalization 
of type (1.6) or (4.8) does not restore the electric-magnetic duality. That is so because if 
the corresponding metric/ Jacobian-determinant does not change the saddle-point of the 
integrand in (1.5), then it can not remove more than one non-invariant factor from the 
OSV result and if it changes the saddle-point of the integrand, then the leading term of 
the asymptotic expansion does not match microcanonically with the Bekenstein-Hawking- 
Wald entropy. It seems that this observation opens the possibility of deeper modifications. 

'^'^The saddle-point is x = 0. At the leading order, the saddle approximation of (5.7) takes the form of 
(5.1), but this fails in the subleading orders. 
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6 An effective approach 



The ensemble defined through (4.1)- (4.4) is canonic in as many variables as the OSV 
ensemble, that is by construction the set of electric potentials is mapped one to one to 
the set of new variables ip^. However since the multiplet (CX^, CF^) defines a vector 
under the symplectic transformations it is more natural for a black hole ensemble to 
treat both the magnetic and the electric charges at the same footing, if it is requested 
to produce symplectic invariant results. In that direction, the simplest generalization of 
(1.5) is an inverse Laplace transformation from: Zinvari = e^, which integrates over both 
the "SIX = II and = 4> with an appropriate Jaco6mn/measure, such that 

[d/.A][d0^] J(/.,0) (6.1) 

defines a symplectic invariant measure. In (6.1), J{iJ>,4>) appears either as a Jacobian 
when we change variables from those which originally define the ensemble to (//, (p) or as 
an intrinsic measure. As it is well known, one choice for the measure of (6.1) which is 
invariant under the symplectic transformations is, 

[d/iA][d0^] det($>FAr) (6.2) 

where 

(6.2) is used, for example, as the intrinsic measure of the ensemble introduced in [28]. 
However this measure vanishes for the case of |BPS black holes, so is not universally 
applicable. In fact a satisfactory universal measure has not been presented so far. More- 
over even if we apply such a measure, to respect the electric-magnetic duality we need to 
introduce a symplectic invariant free energy G. Thus regarding the fact that the OSV free 
energy, which as given by (1.3) and (1.4) forms the essence of the the OSV proposal, is 
only symplectic invariant at the attractor point, we take a more conservative approach in 
what follows. That is, to enjoy the proposed relationship between the topological-string 
free energy and the black hole physics within a manifest symmetric approach, we keep the 
OSV free energy unchanged but introduce an enlarged ensemble which is twice the OSV 
ensemble big, in the phase space terminology. This is done by associating to each dou- 
blet {n^, 4>^), two canonical variables (xa, C^) which preserve the Legendre transformation 
from the OSV free energy to the black hole entropy. Obviously the simplest choice of such 
variables is to take them linear in 0^. Thus we define an invertible change of variables as. 



XA ^ A(p,q)0^fA(/.^) ; ^ A(p,q)0^g^(/.^) ; VA (6.4) 

with 

^{XA,^) = •^(/^^0^) (6.5) 
so that the Bekenstein-Hawking-Wald entropy is given by, 

S(p^,qA) = S(a^,/3A) = ;£-(xA,e^)+7r«V + 7r/3Ae^ (6.6) 
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-« ; -/5a=^ (6-7) 

where the exact dictionary for translating the expressions in terms of the new charges 
(a,/?) to those in terms of the black hole electric magnetic charges will be given a bit 
later in this section. 

Based on (6.6) and (6.7), a black hole ensemble is defined as, 

Z = e^(^^'«^) = ^ f](a^,/3A) e-™^^^-'^''^^^ . (6.8) 

As before we use the Euclidean measure for the ensemble (6.8), so that 

d(p^q^) = Q(a^/5^) = / M [d^ + '^"'^^^ + (6.9) 
Although the measure of (6.9), 

ndXAde^ = A^(p,q) Il'/'^fAg'^ - f^g^) d/d0^ (6.10) 

A A 

is not universally symplectic invariant, unlike (6.2), we can follow the idea of the section 
4: we require the asymptotic symplectic invariance of (6.9). More precisely, given an 
arbitrary order in the saddle-point asymptotic expansion of (6.9), we choose the function 
A(p, q), in the definition (6.4), such that the unwanted prefactor of the corresponding 
OSV result is removed. 

The integral (6.9) in terms of (//, 0) takes the form 

d(p, q) = A2(p, q) / n[d0V1 / R M/^^' Ag''' " ^g'')] Z(/x, 4>) e^A^^a^fA+Z^Ag-) (q.^) 

A A 

where Z(/i, 0) = e-^'^^''^\ Now to bridge between (6.11) and (1.5), we should effectively 
integrate over /j,^ which fixes the value of //^ at /i^. Here one important constraint on 
the functions fA and g^ comes into play. First of all in accordance with (1.2) we require 
that the saddle-point values of /x^'s coincide with the corresponding black hole magnetic 
charges, 

//^ = ;VA . (6.12) 
Regarding the saddle-point equation for (6.11), (6.12) implies that 

aX{p) + PAg'Hp) = ; VA . (6.13) 
Next we require that the saddle-point evaluation of (6.11) takes the form of 

0(p^,q^) = J[d(j)^] M(p,q,0) e^ + '^'5^^^ (6.14) 

which together with (6.12) imply that 

- a^fA(p)+/?Ag^(p) ;VA . (6.15) 



A(p, q) 
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The dictionary between {a, (3) and (p, q) is now given by the solution to the equations 
(6.13) and (6.15), which reads as 



A(p,q) fA(p)g'^(p)-f;(p)g^(p) ^ ■ ' 

a ^ _qA -f'^lP) ^r..r,^ 

A(p,q) fA(p)g'^(p)-fUp)g^(p) ^ ■ ^ 

Now as a constraint on the functions f and g, we require that the equations (6.16) and 
(6.17) are consistent with the attractor equations of (6.7), for A(p, q) treated as an arbi- 
trary given function. That is, the following two equations should hold 



dJ^ Qa g (p 



dxl A(p,q) fA(p)g'^(p) - f;(p)g^(p) 

dT_ ^ _qA f^^(p) 

dit A(p, q) fA(p)g'^(p) - fUp)g^(p) 



(6.18) 



(6.19) 



with xl = A0^fA(p^), e = and qA = -ig . 

Given these requirements, the first order saddle-point evaluation of (6.11) takes the form 
of (6.14) with 



M(p,q,0) = A^^-^^(P, q) n [ (-)^ (yP)g^'(P) - S^(P)fA(P))^^ ] . (6.20) 
^ ^ VP,4;iiUq^; (f;(p)g'^(p)-g"^(p)f;(p))^^ ^ ^ 

So, the effective inverse Laplace transformation, (6.14), differs from the original OSV 
formula, (1.5), by a measure M which in form is something between the metric measure 
of (1.6) and the Jacobian- matrix in (4.8). 

Now given a specific prepotential and an arbitrary order of the saddle-point asymptotic 
expansion of (6.14), the measure (6.20) equals 

M(p.q) . M(p.q.*.) = A-^--(p. q) H I .'C'",' ' 'll'^^^t 1 (6.21) 

A (fA(p)g'^(p) - g ^(p)fA(p))^ V OA 



= M(p,q)Q, . (6.22) 

It is obvious that M(p, q) plays the same role as det[V] of the section 4 and protects the 
resulting black hole degeneracy of states against the electric-magnetic duality violations 
by removing the unwanted prefactors, with a proper choice of the function A(p, q). 



20 



7 Conclusion 



We studied the issue of dualities in the OSV proposaL We showed that, as far as the 
duahty-violation of the OSV result for the degeneracy of states is restricted to a pref- 
actor, through a redefinition of the ensemble in terms of proper variables, one obtains 
the desired duality properties. In these cases, the degeneracy of states which comes from 
the inverse Laplace transformation with a flat measure of integration, is free from any 
unwanted prefactor which appears in ordinary OSV mixed ensemble. The result shows 
harmony with the microscopic results if we are careful about the validity of the pertur- 
bativc regime and the application domain of the conjecture, at least to the extent that 
we know about the microscopic results. For the case of vanishing Z^g-brane charge, where 
the ensemble is pure canonical and the restoration of the duality is exact, our procedure 
shows that the measure in the phase space of the black hole is intrinsically flat. However 
this is not always the case for the case ^ 0. Finally from our observations the following 
questions call for addressing. 

1. In all these proposals, we have no natural choice for these variables, however, we can 
choose them phenomenologically. Understanding and interpreting these variables need 
further investigations. 

2. To define the ensemble of sections 3 and 4, one can absorb the unwanted OSV pref- 
actor within the redefinition of a single X variable. Among the X variables, X° which 
controls the topological-string coupling via (4.18), plays a distinguished role in the pre- 
potential (5.2). It is physically natural to think about a redefinition of the OSV ensemble 
as X° = M(p, q)X°, according to (4.17), and ask if for a given black hole charge multiplet 
(p^,qA), the requirement of the electric-magnetic duality gives an effective sense to the 
topological-string coupling as seen by the black hole ensemble through the identification 

= 47ri 
g — XO- 

3. Considering black holes with non-vanishing Dg-brane charge, there are cases where 
no measure refinement as (1.6) can restore the electric- magnetic duality if one incorpo- 
rates the subleading terms of the asymptotic expansion. Do we need to go for a deeper 
modification of the OSV proposal? 
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